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Abstract. In any infinite dimensional Hilbert space H ^ a sequence P„ . . . P\x di- 
^^ ' verges in norm for some x £ H and orthogonal projections Pn 6 {Qi, • • • , Qb}- 

'^ \ We prove the following theorem. 

^ ■ Theorem 0. In any infinite dimensional Hilbert space H, a sequence Pn ■ ■ ■ Pix 

pLi , diverges in norm for some x E H and orthogonal projections Pn E {Qi, . . . , Qs}- 

c^ I In [1], a weak convergence of P„ . . . Pix is proved for Pn E {Qi, . . . , Qr} with 

any r "while strong convergence is still unsettled" . The norm convergence is known 
for r = 2, for r = 3 or 4 the problem seems to be open. It is also known that 
[^ I for some projections Qi,Q2 on closed convex cones the divergence in norm of 



{QiQ2)^x can be obtained for any infinite dimensional H, and some x E H (see 



in 

en 
en 

g \ [2], [3], [4], [5]). 

^ ! By capital letters E, F,P,Q, . . . we shall always denote orthogonal projections 

in H. By small letters e, /, p, q we shall always denote some vectors in H, of norm 

rS ■ 1; e' is always orthogonal to e {f'-Lf and so on). Then e- = (-,6)6 is a one- 

- - -' dimensional projection and always e'_Le, then f < e + e' means that / E lin(e, e'). 

The proof of Theorem is unexpectedly simple. The proof of the following 

lemma is the most complicated part of the construction. 

Lemma 1. For any one- dimensional projections /o, . . . , /^ < e + e' , and for e > 
there exist projections Pq < ■ ■ ■ < Pr and numbers n(0) < ■ ■ ■ < n{s) such that for 
E ^e + e' 

(1) \\{EP,Er^'^-h\\<e, 0<s<r, 
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and one can require that dim(Ps — Ps-i) = 1 for 1 < s < r. 

Proof. Let us denote by fi, a vector (of norm 1) satisfying fs + fs = E- For fixed 
mutually orthogonal vectors po,...,Pr orthogonal to E, and for ^o,...,^^ > 
(defined later), we denote by Us a unitary operator 

Usf's = f's COS ds + Ps sin ds, 

UsPs = -f's sin Ss + Ps cos ds, 

UsX = X for X-Lf'g^ps- 

Then for any projection P > E, orthogonal to Ps for some < s < r, and for 
Ps=P- f's we have PsE = /, and UsPU* = UJl + Ps and thus 

{EUsPUtEY = fs + {f'sUf'sfT = Ss + f's cos^- 6s for n > 1. 
In particular for any < rj < ^ there exists n > 1 satisfying 

(2) \\{EUsPu:Er-fs\\<7^ 

and UsPU* < P + ps ii only P > E, P-Lps, < s < r. The required projections 
are given by formula 

Ps = Ur... Us{E + po + ■ ■ ■+ps-i)U: . . . t/;, < s < r. 

In fact, we have Ps+i > Ps, diui{Ps+i — Ps) = 1, which follows from relations 
E + po + ---+ps> Us{E + po + ---+ps-i)U*, dim{E + po + ---+Ps-Us{E + 
P0 + ---+ Ps-i)U*) = 1, for any < 5^ < f , < s < r. 

The estimate (1) can be obtained for ds, n{s) chosen as follows. The number 
< 5o < f is taken arbitrarily and n(0) is so large that, by (2), 

\\{EUoEU*Er('^-fo\\<il-^)e. 

Let 5t > 0, n{t) > 1 be chosen for < t < s — 1, and let 

\\{EUs-i . . . Ut{E+po+- ■ ■+Pt-i)U; . . . Us-iE^^'^-ftW < (l-7^)e, < t < s-1. 
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for a fixed 1 < s < r. Then for sufficiently small 5^ > we have 

(3) \\{EUs...Ut{E + po + ---+pt-i)U:...U:Er^'^-ft\\ 



/<(i-^)e, 0<t<.-l, 



but for such 5s, there exists so large n{s) > 1 that, by (2), 

1 

2 



\\{EU,{E + Po + ■ ■ ■+p.,-i)U:Er^^^ - All < (1 - — ^)e. 



We have proved (3) for any < t < s and for 1 < s < r. 
In particular, putting s = r we have 

WiEPtEy^'^ - Ml < (1 - -^)e, < t < r. 



2r+l 



D 



Lemma 2. For any projections Pq < ■ ■ ■ < Pr dini(P5 — Ps-i) = 1, 1 < ■§ < r, 
and for e > 0, there exist Q G Proj H and numbers ?n(0), . . . , m{r) > 1 satisfying 



(4) \\{PrQPrr^-''^-Ps\\<e, 1<S< 



r. 



Proof Let Pg = Pq + pi + ■ ■ ■ + ps, and Pq, Pi, • • • , P^, Pi, . . . , p'^ be mutually 
orthogonal. For some 5i,...,5r > 0, let Qs = Ps cos ds +p'sSmds and let Q = 
Po + Qi + ' ■ ■ + Qr- Now, to obtain (4), we can proceed as follows. We take m{r) = 1 
and so small 6r > 0, that \\{prQrPr)^^^^ ~ Pr\\ < e- Then we proceed downward. 
Assuming that for some 1 < s < r and m{s) > ■ ■ ■ > m{r), < 5^, . . . , < dr we 
have 

WiPsQsPsr^'^ - PsW < e, s<t<r, 

(5) 

||(mtPt)"^^^)||<e, s + l<t<r. 



it is possible to find such m{s — 1) > m(s) that \\{ptqtPt)^^^ "'^''|| < e for t = s 
(and thus for any s <t < r). Then there exists so small ds-i, < Ss-i < 5^, that 

WiPs-igs-iPs-i)"^^^^ - Ps-i\\ < e for t = s-l 

(and thus for any s — 1 < t < r). 

Now (5) is proved for any 1 < s < r, and this implies (4) if only m(0) > m{l) 
satisfies ||(piQiPi)'^*-°-'|| < e. 



Remark. The assumption dim(Ps — Pg-i) = 1 makes the proof of Lemma 2 more 
elementary, but is not essential. 
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Corollary 3. For any one- dimensional projections /o, • • • /r < e + e' and for e > 
there exist projections P, Q, and numbers m(s), n{s) > I, < s < r satisfying 

for E — e + e' . 

Proof. By Lemma 1, the estimate (1) can be satisfied for some -Po < ■ ■ ■ < Pr, 
dim(P5 — Ps-i) = 1, and for e/2 instead of e. Then we have 

\\{E{PrQPr)'^'^'^Ey'^'^ - All < e, < s < r, 

if only (4) is satisfied for sufficiently small ei > instead of e. Lemma 2 finishes 
the proof. 

Lemma 4. For any vectors e±e' and e > 0, there exist projections P, Q and a 
monomial A{P, Q, E) = Pk . ..Pi, with Pi E {P,Q, E}, 1 < I < k, E ^ e + e' , 
such that 

{A{P, g, E)e, e') > 1 - e. 

Proof. For fs = ecos ff + e' sin ^, < s < r, an elementary calculation gives 

(/^ . . . /oe, e') = (cos —Y > ^ - 7: for some r > 1. 
Thus Corollary 3 (with sufficiently small ei > instead of e) gives 

{{E{PQP)'^^''^EY^''^ . . . {E{PQP)'^^^'^EY^^^e, e') > 1 - e. 

5. Proof of Theorem 0. Let us take infinitely dimensional projections Fi, F2, . . . 
satisfying, for some orthonormal (e^, i > 1), 

ei < Pi, PiPi+i = Ci+i, i > 1, 

Fi±Fj for |z- jl > 2 

and denote additionally e^ = e^+i, Ei = Ci + e[ < Fi, i > 1. 

For fixed < e^ < 1, n(l ~ ^0 > O5 w^ use Lemma 4 in subspaces Hi = Fi{H) 
(instead of H) obtaining projections Pi,Qi < Fi and monomials Ai{Pi,Qi,Ei) 
satisfying 

(6) rji:= {Ai{Pi,Qi,Ei)ei,e[) > 1-ei, i > 1. 
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Let P = Y^P^k, Q = Y.Q2k, E = ei + XI -^2A:, for /c > 1, then E = Y^^i^ 
EF2k = E2k and for any monomial A{P, Q, E) we have 

A{P,Q,E)F2k{H)cF2k{H), 

A{P, g, E)F2k-i = A{P, Q, E){e2k-i+e2k) = A{P, Q, E)e2k-i+A{P2k, Q2k, ^2fc)e2fc. 

In consequence 

xeFiy---yF2k-i{H), {x,e2k) = V 

imply A{P, Q, E)x = y + r]A{P2k-, Q2k, E2k)e2k 

for some y e FiV ■ ■ ■ V F2k-2{H), 

obviously y = for k = 1. 

Analogically, for R = YP2k-i, S = YQ^k-i, E = X]-^2fc-i, k > 1, (thus as 

before E = Y^i) "^^ have 

xeFiV ■■■yF2k{H), {x,e2k+i)=V 

imply A{R, S, E)x = y + 7]A{R2k+i, Q2k+i, E2k+i)e2k+i 

for some y e FiM ■ ■ -M F2k-i{H). 

Let us denote 

xq — ei, xi = Ai{R, S, E)xq 

and, by induction for /c > 1, 

X2k = A2k{P, <5, E)x2k-1, X2k+1 = A2k+liR, S, E)x2k- 

Then (6) implies 

xi e Fi{H), (a;i,e2) = ?7i, 

and for all /c > 1 

X2k-i G Fi V ■■■ VF2fc-i(-ff), {X2k-i,e2k) = Vi •••^2fc-i, 

X2k^ FiW ■■■y F2k{H), {x2k, e2k+i) = Vi ■ ■ ■ V2k- 

As J|?7„ > n(l — Ci) > 0, the sequence 

A2kiP, Q, E)A2k-iiR, S,E)... A2iP, Q, E)A^iR, S, E)ei 
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diverges in norm. Thus {Qi, . . . , Q5} = {P, Q, -R, 5", E} can be taken. 
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